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Abstract:
Background:
What is something, what is its own other, how do both relate to each other?
Methods:
The binomial distribution is one distribution which is able to describe the relationship between two
mutually exclusive outcomes of an event, between something and its own other. The variance of a
binomial distribution is reinvestigated.
Results:
The variance i.e. standard deviation of a binomial distribution as mathematized by Karl Pearson in the
year 1895 is found to be logically inconsistent. In other words, today’s concept of the variance of a
Binomial distribution is refuted.
Conclusion:
A new concept of the variance of a Binomial distribution is developed.

Keywords: Binomial distribution; Variance; Refuted

https://doi.org/10.13140/RG.2.2.23903.38567
https://portal.issn.org/resource/ISSN/1863-9542


6

1. Introduction

The term binomial has a very long history in science. For the first time, this term has been demon-
strably used in 1557 in The Whetstone of Witte by Robert Recorde (see Recorde, 1557). It did not take
long and Jacob Bernoulli (see Bernoulli, 1713, p. 45) discovered one of the oldest known probability
distributions, the binomial distribution, in his 1713 work entitled as Ars Conjectandi. Only view years
later, in 1718, Abraham De Moivre writes about the “... the Coefficients of the Binomial ”(see Moivre,
1718). The binomial distribution is particularly useful when there are exactly two(see Birnbaum, 1961,
p. 417) mutually exclusive outcomes of a trial, something and its own other. In the course of further
development of science, Karl Pearson presented a trial to define the standard deviation of the binomial
distribution as follows:

“... the mean square error for any binomial distribution ... is identical with the value
√

npq ”(see
Pearson, 1895, p. 351).

Pearson’s definition of the standard deviation of a Binomial distribution is more or less generally
accepted, and determines a reversal of the burden of proof for anyone who still has justified doubts
about the viability of such a definition.
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2. Material and methods

2.1. Methods

2.1.1. Random variables

Let a random variable(Gosset, 1914) X denote something like a function defined on a probability
space, which itself maps from the sample space(Neyman and Pearson, 1933) to the real numbers.

Definition 2.1 (The First Moment Expectation of a Random Variable). Summaries of an entire dis-
tribution of a random variable(see Kolmogorov, 1950, p. 22 ) X, such as the expected value, or average
value, are useful in order to identify where X is expected to be without describing the entire distribu-
tion. For practical and other reasons, we shall limit ourselves here to discrete random variables, while
the basic properties of the expectation value of a random variable X will not be investigated. Thus far,
let X be a discrete random variable with the probability p(X). The first moment expectation value (see
Huygens and van Schooten, 1657, Kolmogorov, 1950, LaPlace, 1812, Whitworth, 1901) of X, denoted
by E(X), is a number defined as follows:

E (X)≡ p(X)×X (1)

The first moment expectation value squared of a random variable X follows as

E (X)2 ≡ p(X)×X × p(X)×X

≡ p(X)× p(X)×X ×X

≡ (p(X)×X)2

(2)

Definition 2.2 (The Second Moment Expectation of a Random Variable). The second(see Kol-
mogorov, 1950, p. 42 ) moment expectation value (or more or less arithmetic mean) of a (large)
number of independent realizations of a random variable X follows as:

E
(
X2)≡ p(X)×X2

≡ (p(X)×X)×X

≡ E (X)×X

≡ X ×E (X)

(3)

Definition 2.3 (The n-th Moment Expectation of a Random Variable). The n-th(see Barukčić,
2020, 2021) moment expectation value of a (large) number of independent realizations of a random
variable X follows as:
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E (Xn)≡ p(X)×Xn

≡ (p(X)×X)×Xn-1

≡ E (X)×Xn-1

(4)

The probability p(X) of a random variable X follows as (see equation 1)

p(X)≡ E (X)

X

≡ E (X)×E (X)

E (X)×X

≡ E (X)2

E (X2)

(5)

Definition 2.4 (The Variance of a Random Variable). Johann Carl Friedrich Gauß (1777-1855) in-
troduced the normal distribution and the error of mean squared in his 1809 monograph(see Gauß, Carl
Friedrich, 1809). In the following, Karl Pearson (1857-1936) coined the term “standard deviation”in
1893. Pearson is writing:

“Then σ will be termed its standard-deviation (error of mean square).”(see Pearson, 1894, p. 80)

Finally, the term variance was introduced by Sir Ronald Aylmer Fisher (1890-1962) in the year
1918.

“The ... deviations of a ... measurement from its mean ... may be ... measured by the standard
deviation corresponding to the square root of the mean square error ... It is ... desirable in
analysing the causes ... to deal with the square of the standard deviation as the measure of

variability. We shall term this quantity the Variance... ”

(see Fisher, Ronald Aylmer, 1919, p. 399)

The deviation of a random variable X from its population mean or sample mean E(X) has a central
role in statistics and is one important measure of dispersion. The variance (see Kolmogorov, 1950, p.
42 ), the second central moment of a distribution, is the expectation value of the squared deviation of
a random variable X from its own expectation value E(X) and follows as (see equation 3):

σ (X)2 ≡ E
(
X2)−E (X)2

≡ (X ×E (X))−E (X)2 (6)
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2.1.2. Binomial random variables

The binomial distribution with parameters n and p has been developed by the Swiss mathematician
Jakob Bernoulli (1655-1705) in a proof published in his 1713 book Ars Conjectandi (see Bernoulli,
1713) Part 1. In probability theory and statistics, the probability of getting exactly k successes in n
independent Bernoulli trials is given by the probability mass function as

p(X t = k)≡
(

n
k

)
· pk ·qn−k (7)

is
(n

k

)
= n!

k!(n−k)! the binomial coefficient while the cumulative distribution function is given as

p(X t ≤ k)≡ 1− p(X t > k)≡
k

∑
t=0

(
n
t

)
· pt ·qn−t (8)

or as

p(X t > k)≡ 1− p(X t ≤ k)≡ 1−
k

∑
t=0

(
n
t

)
· pt ·qn−t (9)

Furthermore, it is

p(X t < k)≡ 1− p(X t ≥ k)≡
k−1

∑
t=0

(
n
t

)
· pt ·qn−t (10)

or

p(X t ≥ k)≡ 1− p(X t < k)≡ 1−
k−1

∑
t=0

(
n
t

)
· pt ·qn−t (11)

The binomial distribution is the mathematical foundation of a binomial test. The random variable Xt
is counting for different things. The discrete geometric (see Feller, 1950, p. 61) distribution describes
under certain circumstances the number of Bernoulli trials needed to get one success. The probability
that the first occurrence of success requires k independent trials, each with success probability p, is
given by the equation

p(X t = k)≡ p ·qk−1 (12)

The negative (see Fisher, 1941, Haldane, 1941) binomial probability is a discrete probability dis-
tribution which defines the number of successes (k) in a sequence of independent and identically dis-
tributed Bernoulli trials (n) before a specified (non-random) number of failures (denoted r) occurs. The
probability mass function of the negative binomial distribution is

p(X t = r)≡
(

k+ r−1
k−1

)
pk ·qr (13)

where k is the number of successes, r is the number of failures, and p is the probability of success.

Definition 2.5 (Expectation value and variance of a binomial random variable).
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The variance of the binomial distribution with parameters n, the number of independent experiments
each asking a yes–no question and p, the probability of a single event, is defined(see Pearson, 1904,
p. 66) as

σ (X t)
2 ≡ N × p(X t)× (1− p(X t)) (14)

Definition 2.6 (Two by two table of Binomial random variables).

Let a, b, c, d, A, A, B, and B denote expectation values. Under conditions where the probability of
an event, an outcome, a success et cetera is constant from Bernoulli trial to Bernoulli trial t, it is

A = N ×E (At)

≡ N × (At × p(At))

≡ N × (p(At)+ p(Bt))

≡ N × p(At)

(15)

and

B = N ×E (Bt)

≡ N × (Bt × p(Bt))

≡ N × (p(At)+ p(ct))

≡ N × p(Bt)

(16)

where N might denote the population or even the sample size. Furthermore, it is

a ≡ N × (E (At))≡ N × (p(At)) (17)

and

b ≡ N × (E (Bt))≡ N × (p(Bt)) (18)

and

c ≡ N × (E (ct))≡ N × (p(ct)) (19)

and

d ≡ N × (E (dt))≡ N × (p(dt)) (20)

and

a+b+ c+d ≡ A+A ≡ B+B ≡ N (21)

Table 1 provide us again an overview of a two by two table of Binomial random variables.
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Table 1. The two by two table of Binomial random variables

Conditioned Bt
TRUE FALSE

Condition TRUE a b A
At FALSE c d A

B B N

2.1.3. Independence

Definition 2.7 (Independence).

In general, an event At at the Bernoulli trial t need not but can be independent of the existence
or of the occurrence of another event Bt at the same Bernoulli trial t. Mathematically, independence
(Kolmogoroff, 1933, Moivre, 1718) in terms of probability theory is defined at the same (period of)
time t (i.e. Bernoulli trial t) as

p(At ∧Bt)≡ p(At)× p(Bt)

≡

N
∑

t=1
(At ∧Bt)

N
≡ N × (p(at))

N
≡ 1− p(At | Bt)≡ 1− p(At ↑ Bt)

(22)

2.1.4. Dependence

Definition 2.8 (Dependence).

The dependence of events (Barukčić, 1989, p. 57-61) is defined as

p

At ∧Bt ∧Ct ∧ . . .︸                 ︷︷                 ︸
n

≡
n

√
p(At)× p(Bt)× p(Ct)× . . .︸                                 ︷︷                                 ︸

n

(23)
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2.2. Axioms

2.2.1. Axiom I. Lex identitatis

In this context, we define axiom I as the expression

+1 =+1 (24)

2.2.2. Axiom II. Lex contradictionis

In this context, axiom II or lex contradictionis, the negative of lex identitatis, or

+0 =+1 (25)

and equally the most simple form of a contradiction formulated.

2.2.3. Axiom III. Lex negationis

¬(0)×0 = 1 (26)

where ¬ denotes (logical (Boole, 1854) or natural) negation (Ayer, 1952, Förster and Melamed, 2012,
Hedwig, 1980, Heinemann, 1943, Horn, 1989, Koch, 1999, Kunen, 1987, Newstadt, 2015, Royce,
1917, Speranza and Horn, 2010, Wedin, 1990). In this context, there is some evidence that ¬(1)×1 =
0. In other words, it is (¬(1)×1)× (¬(0)×0) = 1
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3. Results

Theorem 3.1 (Normalisation of Variance). In general, it is

E (X)2

E (X2)
+

σ (X)2

E (X2)
≡+1 (27)

Proof by direct proof. The premise
+1 ≡+1 (28)

is true. In the following, we rearrange the premise. We obtain

σ (X)2 ≡ σ (X)2 (29)

Based on equation 6, equation 29 before becomes

E
(

X2
)
−E (X)2 ≡ σ (X)2 (30)

Rearranging equation 30, it is
E
(

X2
)
≡ E (X)2 +σ (X)2 (31)

Normalizing equation 31, it is

E (X)2

E (X2)
+

σ (X)2

E (X2)
≡

E
(
X2)

E (X2)
≡+1 (32)

□

Theorem 3.2 (The probability p(X) of a Random Variable X). The probability p(X) of a random vari-
able X is given by the equation

p(X)≡ 1− σ (X)2

E (X2)
(33)

Proof by direct proof. The premise
+1 ≡+1 (34)

is true. In the following, we rearrange the premise. We obtain (see equation 32)

E (X)2

E (X2)
+

σ (X)2

E (X2)
≡+1 (35)

Rearranging equation 35, it is
E (X)2

E (X2)
≡ 1− σ (X)2

E (X2)
(36)

CAUSATION ISSN: 1863-9542 Preprint at DOI: 10.13140/RG.2.2.23903.38567 Volume 17, Issue 1, 5–22

https://portal.issn.org/resource/ISSN/1863-9542
https://www.doi.org/10.13140/RG.2.2.23903.38567


14

The probability p(X) of a random variable X follows as (see equation 5)

p(X)≡ E (X)2

E (X2)
≡ 1− σ (X)2

E (X2)
(37)

□

In contrast to Chebyshev’s or Bienaymé(see Bienaymé, Irénée-Jules, 1853) – Chebyshev(see
Tschébychef, Pafnouti Lvovitch, 1867) inequality which states something like the complement proba-
bility of X as

p
(
|X −E (X) | ≥

√
E (X2)

)
≤ σ (X)2

E (X2)
≡ 1− p(X) (38)

equation 37 provides an exact probability of a random variable X.

Theorem 3.3 (Refutation of the Variance of the Binomial distribution). Today’s variance of the Bino-
mial distribution given by the equation

σ (X)2 ≡ N × p(X)× (1− p(X)) (39)

is logically inconsistent and refuted.

Proof by direct proof. The premise
+1 ≡+1 (40)

is true. In the following, we rearrange the premise. We obtain

σ (X)2 ≡ σ (X)2 (41)

Today, the variance of the binomial distribution is defined as

σ (X)2 ≡ N × p(X)× (1− p(X)) (42)

Equation 42 becomes

σ (X)2 ≡ N × p(X)× (1− p(X))

≡ E
(

X2
)
−E (X)2

≡ (X ×E (X))−E (X)2

(43)

In other words, equation 43 simplifies as

E
(

X2
)
−E (X)2 ≡ N × p(X)× (1− p(X)) (44)

Today, the expectation value E(X) of the binomial distribution is defined as

E (X)≡ N × p(X) (45)
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Equation 44 simplifies as
E
(

X2
)
−E (X)2 ≡ E (X)× (1− p(X)) (46)

Rearranging equation 46, it is
E
(
X2)

E (X)
− E (X)2

E (X)
≡ (1− p(X)) (47)

or according to equation 3
X ×E (X)

E (X)
−E (X)≡ (1− p(X)) (48)

Equation 48 simplifies further. We obtain

X −E (X)≡ (1− p(X)) (49)

Simplifying equation 49 it is
X × (1− p(X))≡ (1− p(X)) (50)

or
X ≡ 1 (51)

Today’s definition of the variance of the binomial distribution demand us to accept that X = 1 which
does not fit with objective reality. The random variable X can take values different from 1, i. e. X =
10. In this case we obtain

10 ≡ 1 (52)

or
10−1 ≡ 0 (53)

or
9
9
≡ 0

9
(54)

and at the end
+1 ≡+0 (55)

It is possible to derive a logical contradiction out of today’s definition of the variance of the Binomial
distribution. Today’s definition of the variance of the Binomial distribution is logically inconsistent
and refuted. □

CAUSATION ISSN: 1863-9542 Preprint at DOI: 10.13140/RG.2.2.23903.38567 Volume 17, Issue 1, 5–22

https://portal.issn.org/resource/ISSN/1863-9542
https://www.doi.org/10.13140/RG.2.2.23903.38567


16

4. Discussion

Today’s definition of the variance of the binomial distribution appears not to be logicically consistent
(see equation 55). However, if we accept today’s definition of the variance of the binomial distribution
given by the equation

σ (X)2 ≡ N × p(X)× (1− p(X)) (56)

as correct, then we need to abandon today’s definition of the expectation value of the binomial distri-
bution given as

E (X)≡ N × p(X) (57)

or vice versa. Both definitions could no longer be upheld at the same time. It is a matter of urgency to
redefine either the variance of the binomial distribution as

σ (X)2 ≡ N ×N × p(X)× (1− p(X)) (58)

or the expectation value of the binomial distribution as

E (X)≡ 2√N × p(X) (59)

However, one basic property of the binomial distribution is that the probability is constant from
Bernoulli trial to Bernoulli trial. Therefore, it is naturally to accept the definition

E (X)≡ N × p(X) (60)

with the consequence that the variance of the binomial distribution follows logically without as

σ (X)2 ≡ N ×N × p(X)× (1− p(X)) (61)
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5. Conclusion

Today’s Karl Pearson dominated view of all scientific thinking of the standard deviation or variance
of a Binomial distribution(see Pearson, 1895, p. 351) is refuted.
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Private note

The definition section of a paper need not and does not necessarily contain new scientific aspects.
Above all, it also serves to better understand a scientific publication, to follow every step of the argu-
ments of an author and to explain in greater details the fundamentals on which a publication is based.
Therefore, there is no objective need to force authors to reinvent a scientific wheel once and again
unless such a need appears obviously factually necessary. The effort to write about a certain subject in
an original way in multiple publications does not exclude the necessity simply to cut and paste from
an earlier work, and has nothing to do with self-plagiarism. However, such an attitude cannot simply
be transferred to the sections’ introduction, results, discussion and conclusions et cetera.
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